Proposition 1. Let M = S+ A € R4, with S symmetric positive-semi-definite and A antisym-
metric, and suppose M is hypocoercive.

Denote by Eigvecs(A) the set of all eigenvectors of A, and dist(U, V) = inf ey zev ||u — 2| for
any sets UV C C*. If A#+0, then
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A€ESp(M) - Omin () m;éiglie%p(A) I — |

- dist (Ker S, Eigvecs(A) N'S)”.

Proof. Let A € Sp(M) and ¢ € E\(M) such that ||¢||* = 1. Denote A = A; + Xy (A1, A2 € R).

First note that ¢ S¢ = ¢ S¢ € R and ¢ AC = —C ' A¢ € iR and so
(S+ A= +id) = C 8C=X and C AC=ils.

Denote

5= AC— (C AQ)C = AC —ido(

— A — SC.
Then,
1612 = A€ — S¢I* = A2 — 220 SC+C' 8%

SN+ S%
< 22 4 o (S)C SC

- Al(Umax(S) - )\1)
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(where the first inequality can be checked by decomposing z in the eigenbasis of S). Hence
AL > ZTSC
1 2 1 =T 2
M = 5t 1P = sk |4 - € A0

and so min  R(A) > inf max {ZTSZ, 1 | Az — (zTAz)zHQ} .
AeSp(M) l=l=1 Tmax(5)

Now fix any z € C? such that |z|| = 1, and denote

m = max {ZTSZ, ||AZ(ZTAZ)Z||2}.

1
Omax (9)
On one hand, denote the eigenvalue decomposition of S as S = UXU " with U € O, 4, (R) and
Y. diagonal with coefficients (o1, ..., 0,0, ...,0) where o1 > ... > 0, > 0. Alsolet I =U ﬁ; g] U’
the (orthogonal) projector onto Im S along the direction Ker S. Then STI = I1S = S and
m > z1Sz=%z"11" SIz
— Uz S(UTILz)
> Oin (S) [|UTTIZ]|* = 0nin (S) [ITT2 ]2 = Grmin (S) dist? (2, Ker S)

where dist(z, Ker ) = inf,eker s ||2 — ¢
On the other hand, denote
e=Az— (' Az2)z.



A is real antisymmetric so normal (meaning it commutes with its adjoint) so it is unitarily diag-

onalizable. That is, it can be decomposed as A = VSV where V € GLyym(C) with V=1 = v’
and ¥ diagonal with coefficients (ijs1, ..., iftnt+m ) the eigenvalues of A. Then, by Lemma 2 below,

€ dist(z, Eigvecs(A) N'S).
|| || 2\/* ZM w Esp( |l’[’ M| ( g ( ) )
Thus we have

1
M2 et min dist(z, Eigvecs(4) N'S).
\/> S 2 20max(s) ipFip’ €Sp(A) |'LL H | ( g ( ) )
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Hence we have shown that

Vm > \/omin(9) - dist(z, Ker S)

1
and that /m > ol dist(z, Eigvecs(A) N S).

Letting v € Ker S such that dist(z,KerS) = ||z — ul|, as well as w € Eigvecs(4) N'S such that
dist(z, Eigvecs(A4) N'S) = ||z — w||, we have

(1(5)+C>mznzun+nzwn

Omin

> |lu — w]| > dist (Ker S, Eigvecs(A4) N'S)
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+ C’) - dist (Ker S, Eigvecs(A) N'S)*
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m> | —
( \Y4 Umin(S)
as claimed. O

The proof of the proposition used the following technical lemma relating two different ways to
measure how far a given unit vector is to being an eigenvector of a normal matrix. It is essentially
a quantitative version of the following observation: For any M € C?*? and z € C? such that
|2||> = 1, 2 is an eigenvector of M if and only if Mz = (27 Mz)z, ie., (I — 2z )Mz = 0.

Lemma 2. Let ¥ € C¥4 normal, i.e., unitarily diagonalizable. For any z € C* such that || z||° = 1,
the vector ¢ = (I — 22" )Xz satisfies

lef? > min | [ dist (2, Bigrees(%) 15).
8 u#u’eSp
Proof. One can check that it suffices to show the lemma for ¥ diagonal. Denote its vector of
diagonal coefficients (with repetitions) by (p1, ..., uq) € C%, and its set of diagonal coefficients
(without repetitions) by {ur, I € I} = Sp(X), and write [I] = {i € [d]; u; = ps}. Furthermore, for
each I denote by z; the subvector of z corresponding to indices in [I]; by abuse of notation we will
also write z; for the vector in C? coinciding with z on indices in [I] and equal to zero elsewhere.
We start by a more explicit estimate for the quantity on the right-hand side of the claimed
inequality:

dist (z, Eigvecs(X) N S) = irllf dist (2, E,, () NS)
= irllf dist (2, spanc{e;, i € [I]} NS)
< iIIIf |z — 21| + dist (21, spanc{e;, i € [I]} NS)

dist? (z, Eigvecs(X) N'S) < 2 (ir}f |z — z1]|* + dist? (27, spanc{e;, i € [I]} N S))



where the first inequality follows by definition of distance to a set and by triangle inequality, and

the second from the fact that (a + b)? < 2a? + 2b% (arithmetic-geometric mean inequality). Now
2 2 2 2 .

Iz = z1ll” = |z|” = llzzll” = 1 — ||21]]” by definition of z; as a subvector, and

dist? (z7,spanc{e;,i € [[]} NS) = inf |lz; —C||> = [|z]|> +1—2 sup %(ZTZI)
cect? cecll]
li¢l®=1 lcl2=1
= Jlzrl* + 1 =2z
Thus,
dist? (2, Eigvecs(£) N'S) < 4 (ir}f 1- Hz;”) . (1)
To compute the quantity on the left-hand side, let w € Az the vector with w; = ||z1||2 =
Zie[l] |zl\2 Then using that X is diagonal,
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lel? = |52 = GT2)2]” = S 1zl i — | 3wy 125
% J

= Vi 22 (i) = View(pr)

where V,,.p(X(w)) denotes the variance of a (complex) random variable under distribution P.
Now, for any distribution P and X ~ P, denoting by X an independent copy of X we have

~12
E ’X - X’ —9E |X|> - 2[EX|? = 2V(X).

Hence
el = 5 3" wrwy lur — 1P

> TWJ |1 — fb
1,J
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1.

> — inf |u1—uJ|2~ZZw1wJ. (2)
2 I#£J T 2
Finally,

ZZ’U)]U)J :wa(l—uu)

I J#I 1
> inf(1—wr) = nf(1— |lzr]) > inf(1 ~ |21
since w € Az and ||z;]| <1 for each I. So, putting together (1) and (2), we get
el 2 3 it s = sl - f (1~ 1))
=9 1y Hr — HJ a I
e 12 L dist? (2, Bigvees(2) n'S)
= - - —dis ecs .
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as announced. O



